The class of relativistic spin particle models reveals the 'quantization' of parameters already at the classical level. The special parameter values emerge if one requires the maximality of classical global continuous symmetries. The same requirement applied to a non-relativistic particle with odd degrees of freedom gives rise to supersymmetric quantum mechanics. Coupling classical non-relativistic superparticle to a 'U(1) gauge field', one can arrive at the quantum dynamical supersymmetry. This consists in supersymmetry appearing at special values of the coupling constant characterizing interaction of a system of boson and fermion but disappearing in a free case. Possible relevance of this phenomenon to high-temperature superconductivity is speculated.
Introduction
In ref. [1] it was observed that the classical (2+1)-dimensional system given by Lagrangian [2] L f = 1 2e
reveals a 'classical quantization' of a real parameter ν. The nature of this phenomenon is the following. The model (1.1), described by even and odd vectors x µ and ξ µ , by scalar odd variables θ a , a = 1, 2, and by even Lagrange multipliers e and v, admits the construction of oscillator-like odd variables ξ ± linear in ξ µ , whose phases at |ν| = 1 evolve exactly as the phases of θ ± = 1 √ 2
(θ 1 ± iθ 2 ). As a consequence, two nilpotent integrals of motion ξ + θ − and ξ − θ + can be constructed in addition to the integrals θ + θ − and ξ + ξ − . So, at ν = ±1 the system has a maximal classical global continuous symmetry. The same values of ν are separated if one requires that the system would have the maximal quantum global continuous * Based on invited talk given at the International Seminar "Supersymmetries and Quantum Symmetries" dedicated to the memory of Victor I. Ogievetsky (Dubna, June 22-26, 1997) ; to be published in Proceedings. symmetry. Moreover, only at ν = ±1 the discrete P, T -invariance of the classical system may be preserved at the quantum level. As a result, the quantum model describes the P, Tinvariant system of massive fermions realizing irreducible representation of a nonstandard superextension of the (2 + 1)-dimensional Poincaré group [1, 3] .
Instead of the pair of scalar Grassmann variables θ a , one can introduce another Grassmann vector and construct the Lagrangian similar to (1.1) [4] ,
It turns out that this system reveals the same phenomenon of 'classical quantization': there are two special values of the parameter, ν = ±2, at which the system has a maximal global continuous symmetry. In this case the corresponding additional classical local integrals of motion are of the third order in Grassmann variables. The same values of ν are separated at the quantum level from the requirement of the maximality of global continuous symmetry and if to require preserving the classical invariance with respect to the discrete P and T transformations. Quantum mechanically, the system (1.2) describes the P, T -invariant system of Chern-Simons fields (topologically massive vector gauge fields [7] ) [5, 6] . Analogously to the fermion system (1.1), the quantum states of the system (1.2) realize irreducible representation of a nonstandard superextension of the (2 + 1)-dimensional Poincaré group [5, 6] .
Here we show that the requirement of the maximality of classical global continuous symmetry applied to a non-relativistic particle with odd degrees of freedom gives rise naturally to supersymmetric quantum mechanics. Then, coupling classical non-relativistic superparticle to a 'U(1) gauge field', we arrive at the quantum dynamical supersymmetry. The latter consists in supersymmetry appearing at special values of the coupling constant characterizing interaction of a system of boson and fermion but disappearing in a free case. In conclusion, we speculate on a possible relevance of this phenomenon to high-temperature superconductivity in the context of a U σ 3 (1) gauged version of the model (1.1) [1, 3] .
Supersymmetric quantum mechanics
Let us consider a nonrelativistic particle of unit mass having two odd (Grassmann) degrees of freedom. Its Lagrangian may be written in general form as
Here V (x) and R(x) are two arbitrary functions and
(θ 1 ± iθ 2 ). In the next section it will be shown that a possible inclusion of additional termẋA(x)N does not change the system (2.1) classically but turns out to be important quantum mechanically. The nontrivial Poisson-Dirac brackets of the system (2.1) are {x, p} = 1, {θ a , θ b } = −iδ ab , and the Hamiltonian H = 1 2 p 2 + V (x) + R(x)N generates the following equations of motion:
Thus, N is an obvious integral of motion additional to H. If the evolution law x = x(t) is known, then the solution to equations of motion for odd variables is
and we find that the odd quantities
are nonlocal in time integrals of motion. In particular case R = 0, odd variables have a trivial dynamics,θ ± = 0, and integrals (2.3) take the local form: Θ ± = θ ± . One may put the question: is there any other nontrivial case characterized by local odd integrals of motion instead of the nonlocal integrals (2.3)? It is clear that if the system has even complex conjugate quantities A ± , (A + ) * = A − , whose evolution looks up to the term proportional to N like the evolution of odd variables in (2.2), then local odd integrals of motion could be constructed in the form
Let us consider the oscillator-like variables
with some function φ(x). We find thaṫ
and from the relationQ
′ . Therefore, when the functions R(x) and V (x) are related as
is an arbitrary function and C is a constant, then odd quantities (2.4) are integrals of motion additional to H and N. Together with Hamiltonian H, they form the classical analog of a central extension of N = 1 supersymmetry algebra,
with constant C playing a role of a central charge, whereas the integral N is classical analog of the grading operator, {N, Q ± } = ±iQ ± , {N, H} = 0.
Putting C = 0, we arrive at the classical analog of Witten's supersymmetric quantum mechanics [8] given by the Lagrangian
We conclude that the system (2.6) is a special case of more general classical system (2.1), which is characterized by the presence of two additional local in time odd integrals of motion (2.4) being supersymmetry generators.
Quantum dynamical supersymmetry
Let us consider a system given by the Lagrangian
Since N is integral of motion of the system (2.6), one may write
A(y)dy.
2)
The Hamiltonian for (3.1) is
In correspondence with lagrangian relation (3.2), the canonical transformation
reduces (3.3) to the Hamiltonian of the 'free' system (2.6) characterized by A(x) = 0. Therefore, classical systems (2.6) and (3.1) are equivalent and the system (3.1) is supersymmetric for any ' U(1) gauge potential' A. However, due to ambiguities of quantization procedure, the corresponding quantum systems are not necessarily equivalent in generic case. Let us show that using the quantization ambiguity, one can construct the quantum system with supersymmetry appearing dynamically [9] at special values of a coupling constant characterizing interaction of a system of boson and fermion but disappearing in a free case. We consider the simplest nontrivial system (3.3) given by A = g = const and W (x) = ǫx with ǫ = 1:
After realizing the canonical transformation x → p, p → −x, the Hamiltonian takes the form
This can be presented equivalently as 6) and (3.6) can be understood as the Hamiltonian of the system of bosonic and fermionic oscillators interacting through the coupling term gxN. Quantum analog of (3.6) is
where
, and passing from (3.6) to (3.7) we have chosen the normal ordering of bosonic and fermionic creationannihilation operators. Due to the quantum relation N 2 = N, N = c + c − , this quantum Hamiltonian can be written in the form
Performing in correspondence with classical picture the unitary Bogoliubov transformation
, we present (3.7) equivalently as
The Hamiltonian (3.8) is the exact quantum analog of the classical Hamiltonian (3.5), but with ǫ changed forǫ. This difference happens since we constructed (3.7) proceeding from (3.6), and in contrast with classical relation N 2 = 0 quantum mechanically we have N 2 = N. The system (3.8) (and so, the system (3.7)) is supersymmetric atǫ = 1, i.e. only in a free case (g = 0). But we can interpret the system (3.7) in another way. Suppose that the quantum system (3.7) is characterized by the parameter ǫ = 1+ α 2 2 with α = 0, which means that bosonic and fermionic oscillators have different frequencies. Then in a free case (g = 0) this quantum system has no supersymmetry, but turns into a supersymmetric system at two special values of the coupling constant: g = ±α. If the coupling constant may be varied effectively as a function of some external parameter(s) (temperature etc.), g = g(λ), then the system will reveal supersymmetry at special values of parameter(s) defined by the relation g 2 (λ s ) = α 2 .
Concluding remarks
For the models (1.1) and (1.2), the values of corresponding parameters do not influence on the integrability properties: the general solution to the equations of motion can be constructed explicitly for arbitrary νs [1, 6] . However, there are special values of νs for which classical global continuous symmetries of these systems happen to be maximal. The situation is similar for the system (2.1), but here the requirement of maximality of classical global continuous symmetry restricts and relates the form of two functions, V (x) and R(x). If instead of the generic system (2.1) we consider its much more restricted case given by the Lagrangian (2.6) with W ′ (x) changed for νW ′ (x), the requirement of maximal classical symmetry would lead us to the analogous 'quantization condition': ν 2 = 1. With this observation we arrive at the interesting question whether the systems (1.1) and (1.2) may be extended in such a way that the requirement of maximality of classical global continuous symmetries would fix a functional arbitrariness but not only the values of parameters.
The 'U(1)-gauged' version of nonrelativistic supersymmetric system is given by Lagrangian (3.1). It is related classically to the initial 'free' system (2.6) by the canonical transformation, and therefore also is supersymmetric. On the other hand, the model (1.1) may be consistently coupled to a U σ 3 (1) gauge field (see refs. [1, 3] 
where q is a coupling constant, A µ = A µ (x) is a U(1) gauge field, F µν = ∂ µ A ν − ∂ ν A µ , and N = θ + θ − . The structure of this P, T -invariant gauge interaction (see ref. [1] ) is similar to the structure of the 'U(1) gauge interaction' considered above for nonrelativistic supersymmetric particle. But now there is no trivial relationship of the U(1)-gauged system (4.1) to the initial free system (1.1) due to the presence in (4.1) of the spin-field interaction term proportional to iξ µ ξ ν F µν . Thus, it is not obvious what happens with classical global continuous symmetries of relativistic spin particle system (1.1) under coupling it to the U σ 3 (1) gauge field. However, if one conjectures that the classical global continuous symmetries of the system (1.1) survive in the case of interaction (4.1), what will happen with them at the quantum level? These questions on classical and quantum symmetries of (4.1) deserve further investigation. If the analog of the discussed phenomenon of quantum dynamical supersymmetry also exists for the system (4.1), this could find important applications in the context of hypothetical relevance of the P, T -invariant model (4.1) to the problem of describing high-temperature superconductivity (see refs. [1, 10] ).
